Algebraic Geometric codes associated to a recently discovered class of maximal curves are investigated. As a result, some linear codes with better parameters with respect to the previously known ones are discovered, and 70 improvements on MinT's tables [1] are obtained.
Introduction
Algebraic Geometric codes (AG codes) are linear error-correcting codes constructed from algebraic curves [2, 3] . Roughly speaking, the parameters of an AG code are good when the underlying curve has many rational points with respect to its genus. AG codes from specific curves with many points, such as the Hermitian curve and its quotients, the Suzuki curve, and the Klein quartic, have been the object of several works, see e.g. [4, 5, 6, 7, 8, 9, 10, 11, 12] and the references therein.
In this paper we provide an explicit construction of one-point AG codes from the GK curves, together with some results on the permutation automorphism groups of such codes. The GK curves are defined over any finite field of order q 2 with q =q 3 , and they are maximal curves in the sense that the number of their F q 2 -rational points attains the Hasse-Weil upper bound
where g is the genus of the curve. Significantly, for q > 8, GK curves are the first known examples of maximal curves which are proven not to be F q 2 -covered by the Hermitian curve, see [13] . Interestingly, some of the codes constructed in this paper have better parameters compared with the known linear error-correcting codes, see Section 5.
More precisely, we obtain an improvement on the best known mininum distance for linear codes over the finite field with 64 elements in the following cases The paper is organized as follows. In Section 2, some basic facts on AG codes and maximal curves are recalled. In Section 3, we introduce the GK curves, by summarizing some of the results in [13] . The Weierstrass semigroup at rational points of GK curves is investigated in Section 4. Finally, certain AG codes associated to the GK curves are constructed and their parameters are discussed forq = 2, 3, see Section 5.
Preliminaries 2.1 Curves
Throughout the paper, by a curve we mean a projective, geometrically irreducible, non-singular algebraic curve defined over a finite field. Let q be a prime power, and let X be a curve defined over the finite field F q 2 of order q 2 . Let g be the genus of X . Henceforth, the following notation is used:
• X (F q 2 ) (resp. F q 2 (X )) denotes the set of F q 2 -rational points (resp. the field of F q 2 -rational functions) of X .
• For f ∈ F q 2 (X ), div(f ) (resp. div ∞ (f )) denotes the divisor (resp. the pole divisor) of f .
• Let P be a point of X . Then v P (resp. H(P )) stands for the valuation (resp. for the Weierstrass non-gap semigroup) associated to P . The ith non-gap at P is denoted as m i (P ).
• Let D be a divisor on X and P ∈ X . Then deg(D) denotes the degree of D, supp(D) the support of D, and
• The symbol "∼" denotes linear equivalence of divisors.
• The symbol g r d stands for a linear series of projective dimension r and degree d.
One-point AG Codes and Improved AG Codes
Let X be a curve, let P 1 , P 2 , . . . , P n be F q 2 -rational points of X , and let D be the divisor P 1 + P 2 + . . .+ P n . Furthermore, let G be some other divisor that has support disjoint from D. The AG code C(D, G) of length n over F q 2 is the image of the linear map α :
If n is bigger than deg(G), then α is an embedding, and the dimension k of C(D, G) is equal to ℓ(G). The Riemann-Roch theorem makes it possible to estimate the parameters of C(D, G). In particular, if 2g
where
is an AG code with dimension n−k and minimum distance greater than or equal to deg(G) − 2g + 2. When G = γP for an F q 2 -rational P point of X , and a positive integer γ, AG codes C(D, G) and C ⊥ (D, G) are referred to as one-point AG codes. We recall some results on the minimum distance of one-point AG codes. By [15, Theorem 3] , we can assume that γ is a non-gap at P . Let
and set ρ 0 = 0. Let f ℓ be a rational function such that div ∞ (f ℓ ) = ρ ℓ P , for any ℓ ≥ 1. Let D = P 1 + P 2 + . . . + P n . Let also
for any ℓ ≥ 0. Denote with C ℓ (P ) the dual of the AG code C(D, G), where D = P 1 + P 2 + . . . + P n , and G = ρ ℓ P .
, then the weight of y is greater than or equal to ν ℓ .
The integer
is called the order bound or the Feng-Rao designed minimum distance of C ℓ (P ).
Let d be an integer greater than 1. The improved AG codeC d (P ) is the codeC 
Weierstras point theory [16]
Let D be a g r d base-point-free F q 2 -linear series on a curve X . For a point P ∈ X , let j 0 (P ) = 0 < j 1 (P ) < . . . < j r (P ) ≤ d 
Maximal Curves
A curve X is called F q 2 -maximal if the number of its F q 2 -rational points attains the Hasse-Weil upper bound, that is,
where g is the genus of X . A key tool for the investigation of maximal curves is Weiestrass Points theory. The Frobenius linear series of a maximal curve X is the complete linear series D = |(q + 1)P 0 |, where P 0 is any F q 2 -rational point of X . The next result provides a relationship between D-orders and non-gaps at points of X . Proposition 2.5 [17, Proposition 1.5] Let X be a maximal curve over F q 2 , and let D be the Frobenius linear series of X . Then (i) For each point P on X , we have ℓ(qP ) = r, i.e., 0 < m 1 (P ) < . . . < m r−1 (P ) ≤ q < m r (P ).
(ii) If P is not rational over F q 2 , the D-orders at the point P are
In particular, if j is a D-order at a rational point P , then q + 1 − j is a non-gap at P .
(iv) If P ∈ X (F q 2 ), then q and q + 1 are non-gaps at P .
Maximal curves are characterized by the so-called Natural Embedding Theorem.
The dimension m in Theorem 2.6 is less than or equal to the dimension r of the Frobenius linear series of X . Also, by [18, Theorem 10 .22], the osculating hyperplane of X at any point P ∈ X coincides with the tangent hyperplane at P to the non-degenerate Hermitian variety H m in which X lies.
GK-Curves
Let q =q 3 , whereq ≥ 2 is a prime power. The GK-curve over F q 2 is the curve of P 3 (F q 2 ) with affine equations
. We first recall some important proprieties of this curve, for which we refer to [13, Section 2] . The curve X is absolutely irreducible, non-singular, and it lies on the Hermitian surface H 3 with affine equation Xq
Hence, by [18, Theorem 10 .31], X is F q 2 -maximal. Significantly, for q > 8, X is the only known curve that is maximal but not F q 2 -covered by the Hermitian curve H 2 defined over F q 2 (see [13, Theorem 5] ). The genus of X is
In order to investigate one-point AG codes associated to X , we need to describe the Weierstrass semigroup H(P ) associated to an F q 2 -rational point P ∈ X . In the rest of this section we establish some general properties of H(P ).
Let Λ be the cyclic group consisting of all collineations
with uq 2 −q+1 = 1. Clearly Λ is a projective group preserving X . It is easily seen that a plane model for the quotient curve X /Λ has equation Xq + X = Yq +1 . Consider the projection ψ : X → X /Λ. Let P = (X P , Y P , Z P ) be any affine F q 2 -rational point of X . Then, either ψ is fully ramified at P , or ψ splits completely atP = ψ(P ), according to whether ψ(P ) is an Fq2 -rational point of X /Λ or not, that is, whether Z P = 0 or not.
In the former case, let aX + bY + c = 0 be an equation of any line through ψ(P ), distinct from the tangent of X /Λ at ψ(P ). Then
, together with [13, Theorem 7] ,q 3 −q 2 +q,q 3 ,q 3 + 1 are actually a set of generators for H(P ). The same holds when P is the only infinite point of X . Proposition 3.1 If either P is the only infinite point of X or P = (X P , Y P , 0) ∈ X (F q 2 ), then the Weierstrass semigroup at P is the subgroup generated byq 3 −q 2 +q,q 3 , andq 3 + 1.
Assume now that ψ(P ) is a non-Fq2 -rational point of X /Λ. Let aX +bY +c = 0 be an equation of the tangent line of X /Λ at ψ(P ). The order of contact of the tangent line to X /Λ at a non-Fq2-rational point is equal toq (see e.g. [18, p. 302] ). Then
holds. Again by [18, Prop. 10.6 (IV)],q 3 −q + 1 ∈ H(P ). Then the following result is obtained.
is such that Z P = 0, then the Weierstrass semigroup at P contains the subgroup generated byq
Providing a general description of H(P ) for affine points P of X with Z P = 0 seems to be quite a difficult task. In the next section, this will be done for the casesq = 2, 3.
We end this section by describing the automorphism group Aut(X ) of X , together with its action on the set of F q 2 -rational points of X . Theorem 3.3 [13, Theorem 6] The automorphism group of X has orderq 3 (q 3 + 1)(q 2 − 1)(q 2 −q + 1), and has a normal subgroup isomorphic to SU (3,q). If gcd(3,q + 1) = 1 then Aut(X ) is isomorphic to the direct product of SU (3,q) and a cyclic group of orderq 2 −q + 1. If gcd(3,q + 1) = 3 then Aut(X ) has a normal subgroup of index 3 which is isomorphic to the direct product of SU (3,q) and a cyclic group of order (q 2 −q + 1)/3.
Theorem 3.4 [13, Theorem 7]
The set of F q 2 -rational points of X splits into two orbits under the action of Aut(X ). One orbit, say O 1 , has sizeq 3 + 1 and consists of the points (X P , Y P , 0) ∈ X (F q 2 ), together with the infinite point X ∞ = (0 : 1 : 0 : 0). The other orbit, say O 2 , has sizeq 3 (q 3 +1)(q 2 −1) and consists of the points (X P , Y P , Z P ) ∈ X (F q 2 ) with Z P = 0. Furthermore, Aut(X ) acts on O 1 as P GU (3,q) in its doubly transitive permutation representation.
Corollary 3.5 For a point P ∈ O 1 , the stabilizer of P under the action of Aut(X ) has sizeq 3 (q 2 − 1)(q 2 −q + 1), and it acts transitively on the points of O 1 \ {P }. For a point P ∈ O 2 , the stabilizer of P under the action of Aut(X ) has size (q 2 −q + 1).
4
The Weierstrass semigroup at an F q 2 -rational point of the GK curves
In this section we describe the Weierstrass semigroup H(P ) at any F q 2 -rational point P of the GK curves for the casesq = 2, 3. Also, for each non-gap m we provide a rational function f such that div ∞ (f ) = mP . First, consider the point at infinity X ∞ = (0 : 1 : 0 : 0) of X . By Proposition 3.1, H(X ∞ ) = q 3 −q 2 +q,q 3 ,q 3 + 1 . Taking into account that the osculating plane of X at X ∞ is the plane with equation T = 0, and that
holds. Moreover, by the equations of X it follows that
It should be noted that taking into account [13, Theorem 7] one can easily construct rational functions corresponding to the non-gapsq 3 −q 2 +q,q 3 ,q 3 + 1 at any point P = (a, b, 0) ∈ X (F q 2 ). Now fix P = (a, b, c) ∈ X (F q 2 ), with c = 0, and consider the planes π 1 : T = 0, π 2 : Y −bT = 0, π 3 : −aqT −X +bqY = 0, and π 4 : −aq 3 T −X +bq 3 Y +cq 3 Z = 0. It is straightforward to check that these planes meet X at P with multiplicity 0, 1,q, andq 3 + 1 respectively. By Proposition 2.5, π 1 , . . . , π 4 correspond to the rational functions associated to the following non-gaps at P :q 3 + 1,q 3 , q 3 −q + 1, and 0. Let φ be the linear transformation
Note that the planes φ(π 1 ), . . . , φ(π 4 ) are the planes X = 0, Y = 0, Z = 0, and T = 0. Also, φ(P ) = X ∞ . The equations of φ(X ) are
The rational functions x, y, z correspond to the first non-gaps at X ∞ , namely
We now look for non-gaps at X ∞ which are not in the subgroup generated bȳ
be distinct monomials of the same degree m, and such that X is not a common factor of f 0 , f 1 , . . . , f v . Consider the set of rational functions 
and
Since these curves have orderq + 1 and m, they have m(q + 1) common points (not necessary distinct). Hence, the common lines of the cones are m(q + 1). Note that the number of affine common points of X and one of these lines ℓ is eitherq 2 −q orq 2 −q + 1 according to whether ℓ passes through (1 : 1 : 0 : 0) or not. Let N be the number of affine zeros of the function α. Then,
where M is the intersection multiplicity of C 1 and C 2 at the origin of the Y Zplane. Consider now the morphism
where g i = f i (1, y, z). Note that if g 0 , g 1 , . . . , g v areF q 2 -linearly indipendent in the function field of C 1 , then the morphism η is non-degenerate. Let
be the linear series associated to η, where E is the divisor of C 1 such that
for any Q ∈ C 1 . Therefore, we have v + 1 distinct values for M , namely the integers v P (E) + j i (P ), i = 0, 1, . . . , v, where (j 0 (P ), j 1 (P ), . . . , j v (P )) is the order sequence at P of the morphism η. Then the following result is obtained. Thanks to Theorem 4.1, we are in a position to obtain a description of the Weierstrass semigroup at an F q 2 -rational point of the GK-curve X forq = 2 andq = 3.
4.1q = 2
In this case, X has affine equations
and g = 10 is the genus of X . Let P = (a, b, c) be an F q 2 -rational point of X such that c = 0. Then, the Weierstrass semigroup at P coincides with the Weierstrass semigroup at X ∞ of the curve φ(X ) with equations
that is, 7, 8, and 9 are non-gaps at P . Let Υ be the semigroup generated by 7, 8, and 9. Since #(Υ ∩ [0, 2g − 1]) = 9 < 10 = g, H(P ) is larger than Υ. Hence, there is precisely one non-gap not bigger than 2g − 1 = 19 that does not belong to Υ. Let
and let η :
here, C 1 is the plane curve with equation
Since z, z 2 , y 2 , yz areF q 2 -linearly indipendent in the function field of C 1 , the morphism η is non-degenerate. Consider now the linear series associated to η:
, and E is a divisor of C 1 such that
for any Q ∈ C 1 . Note that the line with equation Z = 0 is the tangent line to C 1 at the origin O of the Y Z-plane, and its intersection multiplicity with C 1 is 2. Hence, v O (E) = −2 holds. Therefore, from Theorem 4.1 there exist four non-gaps in I = [12, 16] . Taking into account that 14, 15, 16 are precisely the integers in I ∩ 7, 8, 9 , then the non-gap N is either 12 or 13. According to Theorem 4.1, we implemented a standard intersection multiplicity algorithm in order to compute the intersection multiplicities at O of C 1 and the plane curves with equation
It turned out that N = 13, and that a rational function β such that div ∞ (β) = 13X ∞ was
It is easly seen that any integer greater than 20 belongs to the numerical semigroup ∆ generated by 7, 8, 9, 13. Hence, the genus of ∆ equals g, and the following result is obtained.
Theorem 4.2 Let P = (a, b, c) be an F 8 2 -rational point of the GK-curve X , such that c = 0. Then the Weierstrass semigroup of X at P is generated by 7, 8, 9, and 13. Moreover, 
4.2q = 3
Letq = 3. In this case, X has affine equations
and g = 99. Let P = (a, b, c) be an F q 2 -rational point of X such that c = 0. Then, the Weierstrass semigroup at P coincides with the Weierstrass semigroup at X ∞ of the curve φ(X ) with equations
that is 25, 27, and 28 are non-gaps at P . Let Υ be the semigroup generated by 25, 27, and 28. Since #(Υ ∩ [0, 2g − 1]) = 85 < 99 = g, H(P ) is larger than Υ.
As for the caseq = 2, we use Theorem 4.1 to find the non-gaps at P that do not belong to Υ. Let
here, C 1 : 2Z + 2Z 3 + c 7 Y 3 + 2Y 4 = 0. Since z, z 2 , yz, y 2 z, z 3 , yz 2 , y 3 areF q 2 -linearly indipendent in the function field of C 1 , the morphism η = (z : z 2 : yz :
is non-degenerate. Consider now the linear series associated to η:
where g i (y, z) = f i (1, y, z), and E is a divisor of C 1 such that As for the caseq = 2, we implemented a standard intersection multiplicity algorithm in order to compute the intersection multiplicities at O of C 1 and the plane curves with equation
Let P = (a, b, c) be an F 27 2 -rational point of the GK-curve X , such that c = 0. Then, the Weierstrass semigroup of X at P is generated by 25, 27, 28, 74, and 
5 AG Codes and Improved AG Codes associated to the GK-curve
Throughout this section we keep the notation of the previous Sections. For q =q 3 , let X be the GK curve defined by (3.1). Let P be an F q 2 -rational point of X , and let D be the divisor consisting of the sum of all the remaining F q 2 -rational points of X . Let C ℓ (P ) be the dual of the AG code C(D, ρ ℓ P ), with ρ ℓ ∈ H(P ). LetC d (P ) be the improved AG code, as defined in Section 2.
The aim of this section is to determine the parameters of both codes C ℓ (P ) andC d (P ), and to compare such parameters with those of the known codes. We apply Theorems 2.2 and 2.4. Note that the bounds appearing in the statements of Theorems 2.2 and 2.4 depend only on Weierstrass semigroup H(P ). As H(P ) is invariant under the action of Aut(X ), we only consider one point per orbit under the action of Aut(X ). Henceforth, we assume that P i is a point of O i , for i = 1, 2.
Note that by Proposition 3.1, Equations (4.1) and (4.2), and Theorems 4.2 and 4.3, for each P i and for every m ∈ H(P i ) we can construct a rational function f such that div ∞ f = mP i . Therefore, it is possible to construct a parity check matrix for all codes C ℓ (P i ) andC d (P i ) Remark 5.1 It is well-known, see e.g. [19] , that the permutation automorphism group of a code C ℓ (P ) contains a subgroup isomorphic to the stabilizer of P in Aut(X ), provided that the length of the code is larger than 2g + 2. Then by Corollary 3.5 the code C ℓ (P 1 ) has an automorphism group of sizē q 3 (q 2 − 1)(q 2 −q + 1) , whereas C ℓ (P 2 ) has a cyclic automorphism group of sizeq 2 −q + 1.
5.1q = 2
Tables 2-5 describe the parameters of the codes
; the entries can be easily deduced from Proposition 3.1 and Theorem 4.2. In some cases the entries in MinT's tables [1] are improved.
Other improvements can be obtained by using the following propagation rules.
Proposition 5.2 (see Exercise 7 in [20])
• If there is a q-ary linear code of lenght n, dimension k and minimum distance d, then for each non-negative integer s < d there exists a q-ary linear code of length n, dimension k and minimum distance d − s.
• If there is a q-ary linear code of lenght n, dimension k and minimum distance d, then for each non-negative integer s < k there exists a q-ary linear code of length n, dimension k − s and minimum distance d.
• If there is a q-ary linear code of lenght n, dimension k and minimum distance d, then for each non-negative integer s < k there exists a q-ary linear code of length n − s, dimension k − s and minimum distance d.
• If there is a q-ary linear code of lenght n, dimension k and minimum distance d, then for each non-negative integer s < min{n − k − 1, d} there exists a q-ary linear code of length n − s, dimension k and minimum distance d − s.
Therefore, the following result is obtained.
Theorem 5.3 Linear codes over F 64 with parameters as in Table 1 exist. 
5.2q = 3

